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Abstract The relative errors (e%) in the determination of
the activation energy from the slope of the Kissinger
straight line In(f/ ﬁTg) vs. 1/T}, (B is the heating rate) are in-
depth discussion. Our work shows that the relative errors is
a function containing the factors of x;, and Ax,, not only x,
(xp = EIRT,, E is the activation energy, T, is the temper-
ature corresponding to maximum process rate, R is the gas
constant). The relative error between Ey and E, will be
smaller with the increase of the value of x and/or with the
decrease of the value of Ax. For a set of different heating
rates in thermal analysis experiments, the low and close
heating rates are proposed from the kinetic theory.
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Non-isothermal kinetics - Thermal analysis -
Differential thermalanalysis (DTA) - Chemical kinetics

Introduction

The kinetic equation of a chemical reaction in the linear
heating process can be described as

& —2exp<—,fT)f<a> (1)

where f(o) is the function of conversion, A is the pre-
exponential factor, E is the activation energy, R is the gas
constant, 7 is the temperature, f is the linear heating rate,
p = dT/dr.
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According to the generalization of Kissinger method [1]
by Elder method [2], at the peak temperature, (d*o/
d7®), = 0. Equation 2 may be obtained by the differenti-
ation of Eq. 1

AR ) E
ln%zlnf—l-ln[—f (o) ] —R—;p (2)

where T, is the of peak temperature, o, is the degree of
conversion at Ty, Ej, is defined as the real activation energy
at T,. The Kissinger method has been wildly used to
evaluate the kinetic parameters until now [3-12].

The differential form of Eq. 2 [13] can be written as

d(nf)
Ey=—R— 1/ (3)

where 0, = (—f"(«,)), x, = E/RT,. When AT < 150 K, the
literature [13] pointed out that
1 1
1— dInd, = 1— dn g, (4)
dx, d,

According to Kissinger method,

1
— (5)
1— dIng,
P

At time, the formula (3) may be converted as

E = —Rd (ln%) (6)

where Ey is the activation energy at T}, calculated by
Kissinger method.

Combining the formula (3) and (6), the expression of the
relative error in the reference [13] is
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Ek—E dll’lép
Hh=—fF—

£ x 100 = —100{ —=* 7
p (s) ”

The literature [13] proposes a good method to evaluate
the relative error between Ey and E,,.

But, the literature reference [13] does not prove the
validity of the formula (4). Are the values of d Iné,/dx, an
average value or a constant in the different heating rates?

() If E/RT,) =5, E/RTp =45 and T, =500 K,
and then 7, =500 x 5/4.5 = 556, AT =556 —500 =
56 <150 K which accords with the temperature range
given by the literature [13]. But 5/5.4 = 0.93, an original
error of 7% is introduced in the formula (4).

(2) According to the data in Table 3 (Seeing Table 1) in
the literature [13], the values of d Ind,/dx, range from
—0.0770 to —0.1427. Apparently the values of d Indy/dx,
in different heating rates are not a constant.

As the values of d Ind,/dx,, in the different heating rates
are not of the same, one may doubt whether the conclusion
in the literature [13] is right.

Our work is to correct the expression on the relative
error between the Ey and E, and to calculate the relative
error.

The relative error of E in Kissinger equation

The value of E, calculated by Eq. 2 is

BT _ . f (1) ! !
In ‘Tg =In" "L+ E, T (8)
B> pl f (‘XPZ) 2 pl
The value of Ey calculated by Kissinger equation is
ﬁ1T§2 1 1
2 = B\ Rr, T RT, ®)
ﬁz pl p2 pl
The relative error between E, and Ey is
Ex — E 1 (o
% = —— x 100% = lnf,< ) 100%
E, Xp2 —Xp1 f' (acpz)
(10)

Table 1 The characteristic parameters of the simulated non-isother-
mal data [13]

B/K min~" T,/K X Iné,, d Indp/x,
2 665.15 7.344 2.70277 —0.0770
5 732.65 6.567 2.77096 —0.1012
10 790.65 6.085 2.82345 —0.1185
15 828.65 5.806 2.85851 -0.1323
20 857.15 5.613 2.88518 —0.1427

@ Springer

Because the value of «, cannot be obtained directly from
the test of Differential Thermal Analysis (DTA), we need
to convert f’ (o) to the function of R(x,, n), n is the reaction
order. R(xp, n) is a function without the factor oy,

The integral and differential forms of Eq. 1 are shown
separately,

2% P(x) (11)

Ep =
f (2p) = e (12)
P

T, in Eq. 12 is the peak temperature. According to Senum
and Yang [14], the integral of p(x) may be expressed as
follows:

P(x) =

e * x* + 18x3 + 88x% + 96x e
X2 x4+ 2003 + 120x2 4+ 240x + 120 &2

x H(x)

(13)
When Egs. 11, 12, and 13 are combined together, the
following result is obtained:
~f" (o) x G(op) = H (x;) (14)
Taking the differential and integral forms of f{a) (Table 2),
the relation (14) can be converted to
—f'(%p) = R(xp, n) (15)
(1) When fla) = (1 — )" (n # 1), Eq. 10 may be written
as:

E—E
=P 100%
p

1 n—(n—1)H(xp)
1nn — (n— 1)H (xp2)

(2) When f(a) = n(l — a)[—In(1
be written as

e% =

x 100% (16)

sz — xpl

— )]/, Eq. 10 may

B~ E
% = =P x 100%
EP
_1 n—l
1 —1)B," — nBy
= = DB =B a0% (17)
%2 =%l (4 — 1)B," — nBy

Table 2 The expression of f{o) and f/ ()

Equation type flo) — f(xp) = R(xp, 1)

n — (n — 1)H(xp)
n[fB% +("%>B’T‘x]

Fn(n #1lorn#0 {A-—a

An n(l —o)"
[—ln(l _ O()]ltfl/n

Note: B = (H(x,) +n — 1)/n
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The relative error between Ey and E,

According to Eq. 16 or 17, taking a fixed value of n and
changing values of x; and x, (x, = x; + Ax), the relative
error between Ey and E, can be calculated.

1 If lw) =1 —)"(m # 1), n=1.5, x; = 1-10,
Ax = 0.1-1, the values and curves of relative error are
shown Fig. 1 and Table 3:

2 If f(a)=n(l —a)[—In(1—a)" ", n=15,
x; = 1-10, Ax = 0.1-1, the curves of relation error are
shown in Fig. 2 and Table 4

Figures 1 and 2 show that the relative error between Ey
and E, will be bigger when the value of x becomes smaller
or when the value of Ax becomes bigger. Second, when
fla) = (1 — )", the relative error between Ey and E, is a
positive error. When f(x) = n(1 — a)[—In(1 — a)]"~"/",
the relative error between Ey and E,, is a negative error.

Fig. 1 The ¢% vs. x and Ax for fla) = (1 — a)"(n = 1.5; x = 1-10;
Ax = 0.1-1)

Table 3 The le%! calculated by Eq. 16. and le%!" calculated by ref.
[13]for flwy = (1 — )" n=1.5

Xp
Ax,

le%l

P12 3 4 5 6 7 8 9 10

0.1 8.76 4.69 3.00 2.1 1.57 121 097 0.80 0.66 0.56
0.2 9.13 4.81 3.06 2.14 1.59 1.23 098 0.80 0.67 0.57
0.3 9.54 495 3.12 2.18 1.61 1.24 0.99 0.81 0.68 0.57
0.4 9.99 5.09 3.19 221 1.63 1.26 1.00 0.82 0.68 0.58
0.5 105 524 326 225 1.66 1.28 1.01 0.83 0.69 0.58
0.6 11.08 540 3.33 2.29 1.68 1.29 1.03 0.84 0.69 0.59
0.7 11.74 5.57 341 233 1.71 131 1.04 0.84 0.70 0.59
0.8 1250 5.76 3.49 238 1.73 133 1.05 0.85 0.71 0.60
09 1341 596 3.57 242 1.76 134 1.06 0.86 0.71 0.60
1.0 1454 6.17 3.66 247 1.79 136 1.07 0.87 0.72 0.61
le%!l” 6.87 4.13 295 224 1.81 147 1.24 1.00 <l <1

Fig. 2 The ¢ vs. x and Ax for f() = n(1 — a)[—In(1 — o))"~/
(n=15;x=1-10; Ax = 0.1-1)

Table 4 The le%! calculated by Eq. 17 and le%!' calculated from
ref. [13] for f(o) = n(1 — o)[—In(1 — oc)]"il/" n=15

Xp le %l

Ax
1 2 3 4 5 6 7 8 9 10

0.1 4099 1341 6.84 420 285 2.07 1.58 1.24 1.01 0.83
02 4471 1400 7.04 429 290 2.10 1.60 1.26 1.02 0.84
03 4926 14.65 7.26 439 296 2.14 1.62 127 1.03 0.85
04 5495 1536 7.48 4.49 3.01 2.17 1.64 1.29 1.04 0.85
05 6231 16.14 7.73 4.60 3.07 2.20 1.66 1.30 1.05 0.86
0.6 7228 17.02 7.99 471 3.13 224 1.69 132 1.06 0.87
0.7 86.72 18.01 826 4.83 3.19 228 1.71 133 1.07 0.88
0.8 1100 19.13 856 495 3.26 231 1.73 135 1.08 0.89
09 157.6 2041 8.89 509 332 235 1.76 1.37 1.09 0.90
1.0 -Inf 21.89 924 522 3.39 239 1.78 1.38 1.11 0.90
le%l” 9.14  6.19 4.84 4.13 3.62 3.22 294 270 2.51 235

(3) Taking the data of f3, xp, and Ind,, in Table 1[13], the
relative error between E, and Ej in the different heating
rate can be calculated by Eq. 10.

The data in No.1 show that the relative error between E,
and Ey increases with the increase of the heating rate (f3).
The data in No.2 show that the relative error between E,
and Ey becomes bigger with the decrease of the ratio
(Bi/B2).

From Table 1, it can be found that the value of T,
becomes bigger gradually with the increase of f, the
change of the values x,(x, = E/RT)) is on the contrary. In
other words, the bigger the value of f§ is, the smaller will
be the value of x,. Second, the value of Ax becomes
smaller when the chosen two heating rates are very close
to each other. According to Table 5, the values of |e%
are the smallest when f§ = 2, while are the largest when
p=15.
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Table 5 The le%lI calculated from Eq. 10 in the different heating rate

No. 1 2
piB 2/5 5/10 10/15 15/20 2/5 2/10 2/15  2/20
e% 88 109 126 13.8 88 9.6 10.1 10.5

Conclusion

Equations 10, 16, and 17 show that the relative error
between E;, and E| is a function containing the factors of x
and Ax, not only x.

Figures 1 and 2 show that the relative error between Ej
and E, will be bigger when the value of x becomes smaller
or when the value of Ax becomes bigger.

The thermal analysis experiments with lower heating
rates can promise more accurate values of activation
energy, so do those with closely values of different hating
rates. However, the experimental data in DTA are some-
times bad in these cases. Hence, the heating rates should be
chosen for one given test and sample.
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